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The Wigner function of a dynamical infinite dimensional lattice is studied. A closed differential
equation without diffusion terms for this function is obtained and solved. We map atom-photon
interaction systems, such as the Jaynes-Cummings model, into this lattice model, where each dressed
or polariton state corresponds to a point in the lattice and the conjugate momenta are described by
the eigenvalues of the phase operator. The corresponding Wigner function is defined by these two
conjugate variables in what we name the polariton phase space. We derive a general propagator of
the Wigner function, which is also valid for other hybrid models.
I. INTRODUCTION
In one of his books [1], R. P. Feynman gives an account
of a discussion with his father about the nature of emitted
light: “Is the photon in the atom ahead of time?... where
does it come from? How does it come out?” There is an
obvious answer to this question, regarding the way radi-
ation is produced by the motion of charges even at the
level of classical physics. But when it comes to photons –
a quantum-mechanical notion– this naive question shows
the importance of formulating statements about nature
in terms of quantities that can be measured. In the quan-
tum world, we have to measure first the (emitted) pho-
ton in order to infer that it was produced. Therefore the
number of particles is, above all, a quantum observable.
Interestingly, we have at least two layers of this discussion
that drive our curiosity in the present paper:
(a) For the Jaynes Cummings model of atom-radiation
interaction (used as an approximation) Feynman gave the
right answer in the sense that the photon is not only pro-
duced, but its existence as a particle was caused by the
de-excitation of the atom, i.e. one excitation, one photon.
This entails the conservation of excitations in the whole
quantum system. (b) For the Rabi model of the atom
plus radiation (without approximations) the absorption
or production of photons is not necessarily in one-to-one
correspondence with one jump of the electron upwards or
downwards, respectively. Although energy is conserved,
the excitation number is not. One has to measure with a
photocounter and record the average number of emitted
particles and their fluctuations around it; this is the full
answer.
Our aim in this work is not to delve more into philo-
sophical matters, but to provide a visualization of the
phenomenon stated above, by employing suitable math-
ematical tools such as a two-dimensional quantum phase
space containing the eigenvalue of the phase operator and
the number of atomic excitations as variables. This shall
be done via quasi-distributions. Several numerical stud-
ies of the Rabi model have been carefully carried out [2]
and even a proof for the integrability of the Rabi model
∗ jmtorres@ifuap.buap.mx
has been reached [3], but since no analytical solutions
are known beyond the rotating wave approximation, a
simple description of excitation fluctuations seems to be
lacking.
The Wigner function is the tool of choice when it comes
to the quantum dynamical description of oscillatory sys-
tems in phase space that has been mostly employed with
continuous variables such as position and momentum, or
time and frequency. Interestingly, conjugate variables
can be found also in lattices [4–6], where it is advan-
tageous to employ operator methods in order to eluci-
date dynamical features of tight-binding models [7, 8].
Moreover, peculiar connections [9, 10] between a discrete
position operator and the number of quanta of relativis-
tic oscillators motivate further the definition of Wigner
functions in lattices made of excitations. These objects
have been previously considered for discrete finite sys-
tems, for instance in Refs. [11–14]. A number-phase
Wigner function has also been investigated for the har-
monic oscillator in the frame of quantum optics [15, 16].
Furthermore, the problem has been investigated in the
case of a periodic continuous variable [17, 18], where the
corresponding conjugate variable is infinite but discrete.
In [19] different types of states in a lattice and their cor-
responding phase space were studied, but without taking
into account any dynamical process.
In this paper we consider a generalization of Wigner’s
function to lattices and study the dynamics of two dif-
ferent types of physical models that can be mapped into
this lattice. The first type is a tight-binding array mod-
elling photonic crystals, where the position indicates the
location of a lattice cell. This can also be connected
to spin chains in a one-excitation manifold. The second
class of systems which can be mapped onto this lattice
are atom-photon interaction models. The most promi-
nent example is a two-level atom modelled by a Jaynes-
Cummings Hamiltonian, where the atom-photon dressed
or polariton states [20–23] can be connected to lattice
sites with a conjugate periodic continuous variable. The
phase space obtained by these two variables will be called
polariton phase space. We derive a general propagator of
the Wigner function for systems with discrete spectrum,
which can also be applied to other atom-photon inter-
action models, some of which are also discussed in this
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2work. Regarding the mathematical developments of this
paper, we show that closed differential equations for the
evolution of discrete Wigner functions can be obtained.
This allows to infer the shape of a quasi distribution by
means of a propagator in phase space. In our view, this is
an important extension to the very few known examples
where phase space evolves in a simple manner (e.g. bilin-
ear Hamiltonians in x, p); a particular algebraic structure
is behind it, but in our case it is related to the discrete
translation group, rather than the dynamical algebra of
an oscillator. The wider set of operations in ISO(n) was
studied in [24, 25], but to our knowledge no connection
with discrete Wigner functions has been provided.
The paper is organized as follows. In Sec. II, we intro-
duce a discrete Wigner function and describe its proper-
ties. In Sec. III we discuss the requirements that have to
be fulfilled by the Wigner function and what this implies
for the semi-discrete phase space. In Sec. IV, we con-
sider the dynamics of a simple lattice model which can
also be used to study transport in spin chains. Sec. V is
devoted to the study of systems with discrete spectrum
and a general propagator for these type of system is intro-
duced. Photon atom models are mapped and discussed
in Sec. VI, where we consider the Jaynes-Cummings and
the Buck-Sukumar models. We present our conclusions
in Sec. VII.
II. THE DISCRETE WIGNER FUNCTION
A straightforward adaptation of the Wigner function
[26, 27] for a 1D lattice can be obtained by replacing
from the original definition the Fourier transform with
its discrete analogue. In the following, we shall elucidate
that although there are a number of ways of doing this, all
of them can be reduced to the same equivalent principle
of correct marginal distributions. Either a half integer
lattice or doubling phase space [12, 16, 19], or an intrinsic
spinor structure [28] can be induced in discrete phase
space to show the validity of this object. A formulation
of the Wigner function in discrete position and periodic
momentum space can be written as
W (n, k) ≡ 1
2pi
∞∑
n′=−∞
ψ∗n−n′ψn+n′e
−2ikn′ , (1)
where the functions in space and Bloch quasi momentum
k are such that
ψn = 〈n|ψ〉, 〈n|k〉 = 1√
2pi
eikn, (2)
with n ∈ Z and k ∈ [0, 2pi]. Accordingly, the position
and phase operators can be represented by
N |n〉 = n|n〉, T |k〉 = e−ik|k〉, (3)
and it can be shown that they fulfill the following rela-
tions
T |n〉 = |n+ 1〉, [N,T ] = T, TT † = T †T = 1. (4)
For later convenience, we also introduce an inversion op-
erator with the properties
I ≡
∞∑
n=−∞
| − n〉〈n|, {N, I} = 0, T I = IT †. (5)
After performing position summations or first Brillouin
zone integrations, we can see that the definition (1) re-
duces to probability distributions in the corresponding
conjugate variable. In doing this, one is led to the conclu-
sion that n and n′ should be allowed to take half-integer
values, this will be discussed in more detail in Sec. III.
We introduce a notation that allows to conceive W as
the quantum average of an operator, namely
Wˆ (n, k) ≡ 1
2pi
eikNT 2nIe−ikN , (6)
from which a simple relation follows
W (n, k) = 〈ψ|Wˆ (n, k)|ψ〉 = 〈Wˆ 〉ψ, (7)
or Tr
{
ρWˆ
}
for a general mixed state ρ. As an alternative
and equivalent definition we introduce
Wˆ (n, k) =
1
2pi
∞∑
n′=−∞
e−i2kn
′ |n− n′〉〈n+ n′|, (8)
where n, n′ ∈ 12Z, but restricted to n ± n′ ∈ Z, and k ∈
[0, 2pi). The inclusion of half-integers will be discussed in
the next section.
Usually, the evolution of the Wigner function is com-
puted by considering |ψ(t)〉 = Ut|ψ(0)〉, but in the no-
tation above, we may study the evolution of this object
by fixing ψ or ρ and letting Wˆ vary in time, i.e. in
the Heisenberg picture. We have the following differen-
tial equation for the operator in the Heiseberg picture
(~ = 1)
i
∂Wˆ (n, k; t)
∂t
=
[
Wˆ (n, k; t), H
]
(9)
or equivalently
Wˆ (n, k; t) = U†(t)Wˆ (n, k)U(t)
=
1
2pi
eikN(t)T 2n(t)I(t)e−ikN(t). (10)
Note that in (9) the total derivative with respect to time
appears on the l.h.s., but for notational convenience and
since neither n nor k depend on t, we replace it with a
partial derivative with respect to t. Note how the use
of the Moyal-Poisson bracket has been avoided in this
notation. Sometimes, it is better to employ the explicit
forms of N(t), T (t) if the equations of motion allow exact
solutions.
3III. THE “HALF-EXCITATION” PROBLEM
In this section we consider the problem arising from
the doubling phase space points for discrete Wigner func-
tions. This issue has its root in the definition (1) or (8),
where the summation is carried out for terms of the form
n ± n′. If one considers a bidimiensional infinite space
labelled by n and n′, the former corresponds to sum-
ming in diagonals rotated 45◦ from the original lattice.
The effect is well known by the community, for instance
in [14] the authors recognized this lattice as a “based-
centered cubic” whose size had to be doubled to become
“simple-cubic”. In [19] the lattice was reindexed in or-
der to account for the doubling of points, but retaining
an integer value. In the following we first comment on
what we consider the most straightforward way to solve
this issue which is to allow half integer values for n and
n′ in (1). We refer to this effect as the “half-excitation”
problem. Then, we provide a more general construction
which augments the definition of the Wigner function to
a spinor matrix, circumventing the use of half-integers.
The reader might skip this section without loss of conti-
nuity, as in the rest of the paper we consider the definition
in (1) for integer lattice points and with quasi-momentum
coordinate in the reduced interval [0, pi].
A. The half-integer lattice
The need for half-integers in phase space becomes more
evident when evaluating the marginals of the Wigner
function, which should give the probability density dis-
tribution. Integrating over the generalized momentum
we obtain the position density distribution as∫
dkW (n, k) =
∑
n′
∫ 2pi
0
dke−2ikn
′
2pi
〈n+ n′|ρ|n− n′〉
= 〈n|ρ|n〉.
One can note that there is no redundancy in the domain
of integration if the summation is taken over n′ ∈ 12Z. Us-
ing the kernel e2imk in the previous integral, one can also
retrieve all matrix elements of the form 〈n+m|ρ|n−m〉,
where it is evident that elements of the form 〈n|ρ|n+ 1〉
require half integer values to be allowed, as pointed out
in [16]. Summing over all lattice points we should get the
momentum distribution as
∞∑
n=−∞
W (n, k) =
∞∑
n,n′=−∞
1
2pi
e−2ikn
′〈n+ n′|ρ|n− n′〉.
Once more, the sum over n and n′ has to be carried
out over half integers, i.e., n, n′ ∈ 12Z, but restricted to
n + n′ ∈ Z. The argument in the exponential can be
rewritten as 2kn′ = k(n + n′) − k(n − n′). By defining
m = n+ n′ and m′ = n− n′ and considering the overlap
between position and momentum eigenstates in Eq. (2),
one gets
∞∑
n=−∞
W (n, k) =
∑
m,m′
〈k|m〉〈m|ρ|m′〉〈m′|k〉 = 〈k|ρ|k〉,
where we have used the completeness relation of the posi-
tion basis in the last step. Note that here it is important
that the sum over n runs over half integer values, other-
wise m would run only over even integers and one would
not obtain the correct marginal distribution.
Another important and useful property is the com-
pleteness of the operators defined in (8) which allows to
express any Hermitian operator O with the following ex-
pansion
O = 2pi
∞∑
n=−∞
∫ 2pi
0
dkTr
{
OWˆ (n, k)
}
Wˆ (n, k)
=
∑
n,n′
〈n− n′|O|n+ n′〉|n− n′〉〈n+ n′|. (11)
One can easily check that the above expression is valid
when considering half-integer values of n and n′. It
should be stressed however, that although n in W (n, k)
can take half-integer values, the values of n ± n′ in (8)
have to be always integer as they label position states
that are undefined for half-position or half-excitation.
B. The Wigner function as a spinor matrix
It is possible to define a Wigner function with the cor-
rect marginal distributions without introducing a semi
integer lattice, or without doubling the position value as
in [19]. In case of atomic excitations, such half-integer
values are important for coding the coherences of the
density matrix, but they also lead to a more abstract
interpretation of phase space with positions that stand
for “half a photon”; let us solve this problem. We are
convinced that our straightforward definition in (1) is al-
ready valid for distributions that occupy exclusively even
or odd sites on the discrete line. This is not the case for
general wavefunctions, so let us extend our definition to
a 2 × 2 array of phase space planes. Since the group
structure associated with the lattice allows the construc-
tion Z ∼= 2Z ⊗ Z2, even integers are a normal subgroup
of Z and the remaining part is a trivial binary sum. As a
warm up, let us focus on Z2 alone. Consider a function ψ
of only two sites with values ψ0, ψ1 and its finite Fourier
transform onto the functions of well-defined parity
ψ˜± =
1√
2
(ψ0 ± ψ1) . (12)
The Wigner function W (s, p) has four possible values ac-
cording to s = 0, 1 and p = −,+. The most general
expression that fulfills the right marginals∑
s=0,1
W (s, p) = |ψ˜p|2,
∑
p=±
W (s, p) = |ψs|2, (13)
4is the set of sums 1
W (0,+) = A|ψ0|2 +B|ψ1|2 + 2CRe [ψ0ψ∗1 ] ,
W (0,−) = (1−A)|ψ0|2 −B|ψ1|2 − 2CRe [ψ0ψ∗1 ] ,
W (1,+) =
|ψ0 + ψ1|2
2
−W (0,+)
W (1,−) = |ψ1|2 −W (1,+) (14)
where A,B,C are arbitrary real numbers. With appro-
priate definitions, these relations can be written as
W (l, β) =
∑
a=0,1;b=0,1
Cl,βa,bψaψ
∗
b . (15)
In analogy with this treatment, the definition for Z re-
quires four rows of sums. With two indices s = ±, p = ±
we get the needed structure if
W sp(m, k) ≡ A
sp
2pi
∞∑
n=−∞
ψm+nψ
∗
m−ne
−2ikn
+
(
Bsp
2pi
∞∑
n=−∞
ψm+1+nψ
∗
m−ne
−2ikn + c.c
)
+
Csp
2pi
∞∑
n=−∞
ψm+1+nψ
∗
m+1−ne
−2ikn (16)
where now all terms with even and odd differences
are considered in the sums, such as ψµψ
∗
µ−2n and
ψµψ
∗
µ−2n−1. The coefficients A,B,C are fixed by the
following marginals
∑
s=±
∫ 2pi
0
dkW sp(m, k) =
{
|ψm|2, p = +
|ψm+1|2, p = − (17)
and
∞∑
m=−∞
∑
p=±
W sp(m, k) =
{
a |ψ˜k|2, s = +
d |ψ˜k+pi|2, s = − (18)
with a, d > 0 normalization constants. A straightforward
computation of (17) and (18) using (16) leads to the fol-
lowing consistency relations
a = d/8, A++ + C++ = A−− + C−−,
C−+ + C++ = A+− +A−− = 0, C+− + C−− = 1
B++ +B−+ = B−− +B+− = 0, A++ +A−+ = 1,
B++ = e−ikb, B−− = e−ikc, b− c = 1/2. (19)
This is the desired result. From the initially free 12 co-
efficients we are left with 4 degrees of freedom. See the
1 This definition does not have the form of a convolution. Note
also that other definitions for spin 1/2 are plausible, in particular
see [28, 29].
appendix A for a full computation of marginals. As can
be noted, the general use of operators
Wˆ (n, k) =
1
2pi
eikNTnIT−n±1e−ikN , (20)
will throw us back to the dynamics of (6). In the rest of
the paper we shall only use the definition in (6) without
the half-integer lattice and with quasi-momentum coor-
dinate in the reduced interval [0, pi].
IV. THE TIGHT BINDING CHAIN: A
PARADIGMATIC DISCRETE MODEL
A relevant example well described by this model is an
XX-spin chain in the one-excitation submanifold and in
the limit of infinite number of sites. However, the de-
scription for a finite number of sites can be given also
by a truncation of the Wigner function considered here.
Although our aim in this work is to address atom-field
models, we would like to point out that this type of for-
malism is also useful to study transport in crystals [30–
33], including spin systems [34]. Furthermore, any tight
binding model is susceptible of this treatment, including
Anderson models with uncorrelated disorder as well as
Harper’s model with quasi periodic potentials [35]. Let
us investigate the convenience of the formalism with a
specific example.
If the Hamiltonian is chosen as a nearest-neighbor ho-
mogeneous chain of sites with position operator N and
unit couplings, in the appropriate phase convention we
may write
H = iT − iT †. (21)
The equation of motion (9) becomes
i
∂Wˆ
∂t
= Wˆ i(T − T †)− i(T − T †)Wˆ
= −2i cos(k)(Teik − T †e−ik)Wˆ (22)
where we have used the properties of translation (3) and
inversion operators (5). Note that this result still involves
operations acting on Wˆ that do not resemble Wˆ again.
We show now that the second derivative leads to a closed
result:
∂2Wˆ (n, k)
∂t2
= 4 cos2(k)× (23)[
Wˆ (n+ 1, k) + Wˆ (n− 1, k)− 2Wˆ (n, k)
]
.
where we have used the identities
TWˆ (n, k)T † = Wˆ (n+ 1, k), T Wˆ (n, k)Te2ik = Wˆ (n, k),
T †Wˆ (n, k)T = Wˆ (n− 1, k), (24)
that follow from their definitions.
5The result in Eq. 22 is reminiscent of the wave equa-
tion, but with a discretized double derivative ∆n and a
k−dependent velocity of propagation:[
1
4 cos2(k)
∂2
∂t2
−∆n
]
Wˆ (n, k; t) = 0. (25)
The differential equation for the Wigner function at time
t is obtained by computing the expectation value of the
expression above (ψ here is static):[
1
4 cos2(k)
∂2
∂t2
−∆n
]
〈Wˆ (n, k; t)〉ψ = 0. (26)
The solutions of this equation are superpositions of Bessel
functions of any kind
∑
m CmJn+m(4t cos(k)), as can
be checked from the combination of known recurrences
(10.6.1 and 10.6.2 in [36]). The coefficients Cm are deter-
mined by the initial condition using Jn(0) = δn,0. Now
that we know that the evolution can be described with
wave equations and no diffusion terms, we may infer the
transformation of phase space variables by means of prop-
agating pulses. In the continuous limit, n 7→ x, the equa-
tion above becomes[
1
4 cos2(k)
∂2
∂t2
− ∂
2
∂x2
]
W (x, k; t) = 0, (27)
whose solutions correspond to the transformation
x(t) = x± 2 cos(k)t, k(t) = k(0) = k (28)
i.e. a shear transformation in x, k with a modified veloc-
ity 2 cos(k). This satisfying result can be checked also by
solving the Heisenberg equations of motion for T, T †, N :
N(t) = N(0) + t
[
T (0) + T †(0)
]
, T (t) = T (0). (29)
The behavior for an initial delta distribution in phase
space is predicted by Eq. (28) and shown in Fig. 1.
Further examples are given in the next subsection.
A. Examples in phase space
The Wigner function of position eigenstates can be eas-
ily computed from the definition in Eq. (7). One can
check that for |n1〉, one obtains Wn1(n, k) = δn,n1/2pi,
which simply represents a vertical stripe in phase space
as depicted in Fig. 1 (a). This contrasts with the def-
inition of [19], where the stripe is located at twice the
position value. The time evolution of such initial state
under the influence of the Hamiltonian in Eq. (21) is
shown in Fig. (1) (b), which is plotted for a time t = 20.
One can note that for the horizontal line k = pi/2, the
Wigner function extends to values of n = ±40, well in
accordance with Eq. (28). The node at k = 0 is also
displayed.
The case of a quasi-momentum eigenstate can also be
evaluated, in this case for the state vector |k1〉 the Wigner
(a) (b)
(c) (d)
FIG. 1. Wigner function in the phase space of an infinite
lattice with position n and quasi-momentum k for the follow-
ing states: (a) A position eigenstate |n〉 with n = 0. (b) The
same state after the evolution for a time t = 20 under the
influence of the Hamiltonian in Eq. (21). (c) A superposi-
ton state (|n1〉 + |n2〉)/
√
2 with n1 = −1 and n2 = 2. (d) A
quasi-momentum eigenstate |k〉 with k = pi/2.
function is given by Wk1(n, k) = δ(k−k1)/2pi, i.e., a delta
function in the quasi-momentum k. This is due to the
fact that one has a continuum of quasi-momentum states.
As |k〉 is an eigenstate of the Hamiltonian (21) it remains
unchanged under its influence. The Wigner function for
the case of k = pi/2 is shown in Fig 1 (d).
Another interesting example is the superposition of two
position eigenstates (|n1〉 + |n2〉)/
√
2. For these type of
states, the Wigner function takes the form
Wn1,n2(n, k) =
δn,n1 + δn,n2
4pi
+ δ
n,
n1+n2
2
cos k(n1 − n2)
2pi
.
(30)
It is to be noted here the existence of interference fringes
that arise exactly in between the two vertical stripes rep-
resenting the position states. The middle stripe oscillates
and, depending the values of n1 and n2, it can be located
at half integer values. In 1 (c) we show an example with
n1 = −1 and n2 = 2.
The analogue in quasi-momentum space is given by the
superposition (|k1〉 + |k2〉)/
√
2. For this type of states,
the Wigner function is given by
Wk1,k2(n, k) =
δ(k − k1) + δ(k − k2)
4pi
(31)
+ δ
(
k − k1 + k2
2
)
cos[n(k1 − k2)]
2pi
.
In time, the position of the horizontal lines remains
unchanged and only the central stripe will display an
interference pattern shifted in time with velocity v =
2(sin k1 − sin k2)/(k1 − k2).
6V. PROPAGATOR OF THE DISCRETE
WIGNER FUNCTION
In this section we consider the dynamics of any sys-
tem with discrete spectrum unbounded from above and
below, i.e., a spectrum that can be labeled by n ∈ Z.
This general construction will allow us to treat different
models later on. With the aforementioned assumptions,
the Hamiltonian can be written in diagonal form in its
eigenbasis as
H =
∞∑
n=−∞
εn|n〉〈n|. (32)
Here we have chosen to denote the eigenvectors of the
Hamiltonian as |n〉 and we will choose this basis to con-
struct the corresponding Wigner function. The Hamilto-
nian H can also be expressed as a function of the position
operator N . Therefore, a simple differential equation for
Wˆ can be obtained by using the algebraic properties of
commutators:
dWˆ (n, k; t)
dt
= i [H(N)−H(2n−N)] Wˆ (n, k; t), (33)
where it should be noted that neither n nor k depend
on time so we use the total derivative with respect to t.
In order to deal with the number dependence of H, it is
even more rewarding to compute derivatives with respect
to k:
i
2
∂Wˆ
∂k
= (−N + n)Wˆ or NWˆ =
(
n− i
2
∂k
)
Wˆ .
(34)
In this way, the evolution of Wˆ can be directly obtained
from the definition of the Heisenberg picture, together
with the algebraic properties of Eqs. (4)and (5):
Wˆ (n, k; t) = eit[H(N)−H(2n−N)]Wˆ (n, k; 0). (35)
Computing the expectation value of this relation with ψ,
together with (34), yields the desired result:
W (n, k; t) = eit[H(n−
i
2∂k)−H(n+ i2∂k)]W (n, k; 0). (36)
It is rewarding to decompose the initial condition in
Fourier modes using a δ function of period pi (note that
Bloch waves have periodicity 2pi, but the Wigner function
in (1) has half the period)
W (n, k; 0) =
∫ 2pi
0
dk′
∞∑
n′=−∞
e2in
′(k′−k)
2pi
W (n, k′; 0) (37)
with the aim of solving any initial data problem linearly.
This will lead to a propagator for the Wigner function.
Inserting (37) back into (36) yields
W (n, k; t) =
∫ 2pi
0
dk′K(n, k − k′; t)W (n, k′; 0) (38)
with
K(n, k; t) =
1
2pi
∞∑
n′=−∞
eit[εn−n′−εn+n′ ]−i2n
′k. (39)
The propagator K can be shown to be real, as expected
from the properties of the Wigner function:
K(n, k; t) =
1
2pi
+
1
pi
∞∑
n′=1
cos {t [εn+n′ − εn−n′ ] + 2n′k} .
(40)
This propagator is the main result of this section. One
can also check its validity by noting that in the Heisen-
berg picture, the operator Wˆ can be easily evaluated from
Eq. (10) as
Wˆ (n, k; t) =
∑
n′
eit[εn−n′−εn+n′ ]−i2n
′k|n− n′〉〈n+ n′|.
(41)
After taking the expectation value of (41) and using the
completeness relation in (11) one obtains the same result
as in Eq. (38), by realizing that
Tr
{
W (n′, k′)Wˆ (n, k; t)
}
= K(n, k − k′, t)δn,n′ . (42)
The form of the kernel is valid for any Hamiltonian
with unbounded spectrum above and below. We shall see
that for an atom-photon model, our kernel (40) can be
related to incoherent oscillations. The Jacobi theta func-
tion and the possibility of Gaussian factorization arise if
the energy is Taylor-expanded in second order in n± n′.
A. Example: superposition of point-like stimuli
We devote this subsection to study the evolution of
superposition of position and quasi-momentum states,
whose Wigner function is written in Eqs. (30) and
(31) respectively. The Kernel derived in this section is
particularly helpful to find the time evolution of quasi-
momentum eigenstates. For the Wigner function in (31)
and with the aid of (38) one obtains
Wk1,k2(n, k; t) =
K(n, k − k1, t) +K(n, k − k2, t)
4pi
+K
(
n, k − k1 + k2
2
, t
)
cos[n(k1 − k2)]
2pi
. (43)
The case of a superposition of lattice points is sim-
pler to solve in this case. Here the vertical stripes
remain constant in position with a dynamic interfer-
ence pattern moving in the k direction with velocity
v = (εn1 − εn2)/(n1 − n2).
VI. ATOM-FIELD INTERACTION MODELS:
THE POLARITON PHASE SPACE
In this section we identify the dressed states of the
Jaynes-Cummings (JC) model (and other atom-field sys-
7tems) as the position states of the lattice. The connec-
tion seems quite natural, as the spectrum is divided into
a negative and a positive part. This type of states de-
scribe hybrid excitations arising from the combination of
a photonic and an electronic excitation, which are also
known as polaritons in the literature [20–23]. Therefore,
we will refer to this space as polariton or dressed state
phase space.
A. The Jaynes-Cummings model
First we map the JC model to an infinite lattice made
of excitation numbers. We work with the JC Hamiltonian
[37, 38] describing the interaction between a two-level
atom with one mode of the radiation field
H = ω(a†a+ σ+σ−) + δσ+σ− + g(σ+a+ σ−a†). (44)
The eigenvalues of H can be labeled by an integer n,
namely εn=0 = 0 and
εn = ω|n|+ δ
2
+ sgn(n)
√(
δ
2
)2
+ g2|n|, n 6= 0, (45)
with the dressed states (or polariton states) given by
|0〉 = |0,−〉 and
|n〉 = cos θn||n| − 1,+〉+ sin θn||n|,−〉, n 6= 0 (46)
where we have employed the shorthand
θn = arctan
(
εn − |n|ω
g
√|n|
)
. (47)
Furthermore, we have introduced the states
|nph,±〉 = |nph〉ph ⊗ |±〉at, nph ∈ N0 (48)
which represent nph photons in the mode and an excited
or de-excited atom for |+〉at and |−〉at respectively.
In this case, the points in the lattice correspond to
dressed state of the Jaynes-Cummings model. In phase
space, those states are represented by vertical stripes as
depicted before in Fig. 1 (a). A product state of the form
(48) can always be represented as the sum of two dressed
states |n〉 and its negative counterpart. Therefore, the
corresponding Wigner function is always formed by two
vertical stripes positioned at the n and a central stripe
at n = 0 with the interference pattern oscillating with
frequency n, similar to the case depicted in Fig. 1 (c).
A more familiar type of state, which is encountered in
many quantum optical examples, is a product state of an
atomic state and a coherent state of the field. For the
sake of simplicity, we will consider the dynamical behav-
ior in the polariton phase space of a photonic coherent
and a de-excited atom, namely the state
|ψα〉 =
∞∑
nph=0
e−|α|
2/2αnph√
nph!
|nph,−〉. (49)
(a) (b)
(c) (d)
FIG. 2. Wigner function in the polariton phase space of
the Jaynes-Cummings model of: (a) A coherent state of the
light field and an atom in the ground state. (c) A dressed
coherent state defined in (52). (b) and (d) correspond to the
time-evolved state, under the influence of the Hamiltonian in
Eq. (44) for a revival time tr = 2pi|α|/g, of the initial state
in (a) and (b) respectively. In all cases α = 6eipi/2.
If the detuning is chosen to be zero, it is not hard to
realize that this state takes the simple form
|ψα〉 =
∞∑
n=−∞
e−|α|
2/2α|n|√
2|n|! |n〉, (50)
which leads to a Wigner function of the form
W (n, k) =
∑
n′
e−
|α|2
2 +i[2kn
′+φ(n′+−n′−)]|α|n′++n′−√
4n′−!n′+!
(51)
with n′± = |n± n′|. For α = 0 this expression reduces to
δn,0, as the state with an empty cavity and the atom in
the ground state is an eigenstate of the model. For large
values of |α|2, i.e., a large mean photon number, this
Wigner function has three Gaussian peaks: two located
at positions n = ±|α|2 and a third one at n = 0 oscillat-
ing in k with frequency |α|2. This can be realized by re-
placing the Poissonian distributions in (51) by Gaussian
distributions and performing the summation. A partic-
ular case for |α|2 = 50 is plotted in in Fig. 2 with its
time-evolved plot at the revival time tr = 2pi|α|/g [39].
One might argue that the product states we have con-
sidered so far, cannot be visualized in a simple way in
the polariton phase space. The reason is that we have
not considered combined states of the atom-field system.
This is the case where one can better exploit the phase
space we have proposed. In this sense, dressed coherent
states [40] are hybrid states of the atom-field system that
can be easily depicted in the polariton phase space. In
8our notation they can be written as
|α−〉 =
∑
n∈N0
e−|α|
2/2αn√
n!
|n〉. (52)
Following the definition in [40], a second coherent state
|α+〉 can be written as (52) in our notation, but with the
sum taken over n < 0. The state in Eq. (49) can be writ-
ten as a sum of two of these states. Its Wigner function
appears as a Gaussian bump centered at ±|α|2 in the po-
lariton phase space as can be noted in Fig. 2 (c) and its
time evolution after a revival time in Fig. 2 (d). It is
worth commenting, that we have restricted our analysis
of these portraits to the definition in Eq. (1) using only
integer values of n, i.e., we have disregarded the half-
integer lattice and in consequence the interval [pi, 2pi) in
the quasi-momentum coordinate. The behaviour is quite
similar and can be constructed from the data of our plot-
ted functions. In [19] it was shown that these contri-
butions display oscillations and have been named ghost
images [14].
1. Diffusion in phase eigenvalue
The diffusion of quasi-momentum eigenstates k = k0
can be obtained using (40). The Wigner function in this
case is given by
W (n, k; t) =
1
2pi
+ (53)
1
pi
∞∑
n′=1
cos [t (εn+n′ − εn−n′) + 2n′(k − k0)] .
When t → ∞, very strong oscillations cancel out the
terms in the sum and the limit of the diffusion is W →
1/2pi. The transient effects can be estimated by replacing
the sum over n′ by an integral over x; the stationary
phase approximation yields the following caustics
Φ(x, n, k; t) = t(εn+x − εn−x) + 2x(k − k0),
k − k0 = x∗t
√
(δ/2)2 + g2|x∗ + n| −√(δ/2)2 + g2|x∗ − n|√
[(δ/2)2 + g2|x∗ + n|] [(δ/2)2 + g2|x∗ − n|]
δx [Φ] |x=x∗ = 0. (54)
The family of trajectories in phase space are obtained by
replacing x∗ = x(n, k − k0; t) back in Φ. Maxima and
minima of W appear according to
Φ(x∗, n, k; t) =
{
2qpi for maxima
(2q + 1)pi for minima.
(55)
A simplified form of the trajectories in phase space is
obtained in the strong coupling limit g  δ, where
x∗ ≈ (k − k0)δ
2tng
. (56)
(a) (b)
(c) (d)
FIG. 3. Wigner function portraits in the polariton phase
space of the Jaynes-Cummings model for an initial eigenstate
|n = 100〉 of the JCM and after the evolution under the influ-
ence of the Rabi Hamiltonian. Moderate coupling g/ω = 10
and δ/ω = 1.5 is considered with an interaction times of (a)
t = 2/g and (b) t = 2000/g. In (c) t = 0.1/g and (b) t = 0.3/g
we have considered strong coupling g/ω = 10 and δ/ω = 1.5.
The relation between n, k, t is
(k − k0)2δ
tng
+
2tng
δ
= mpi, m ∈ Z. (57)
Although the Kernel can not be obtained in closed form
for the Jaynes-Cummings system, due to the form of the
eigenfrequencies, there are a few atom-interaction mod-
els that exhibit linear spectrum and therefore allow exact
evaluation of K. We consider some of them in a subse-
quent subsection, but before that, let us consider the
diffusion process arising from the inclusion of counter-
rotating terms, i.e., the full atom-field interaction model.
B. The Rabi model
In this subsection, we consider the Rabi model, i.e., the
Jaynes-Cummings model (JCM) without the rotating-
wave approximation. Although, the model has been
shown to be integrable [3] with a countable spectrum,
here we do not define the polariton space in term of these
energies. In this case, we rather study the dynamics of
the Rabi model in the polariton phase space induced by
the JCM. The Hamiltonian can be written as
H = ωa†a+ Ωσ+σ− + g(σ+ + σ−)(a† + a). (58)
The difference with the JCM is the term a†σ+ + aσ−,
which describes processes of simultaneous creation of a
photon and excitation of the atom, and simultaneous an-
nihilation and de-excitation.
9In fig. 3 (a) and (b) we present the Wigner functions
of an initial eigenstate of the JC model |n = 100〉 for an
interaction time with the Rabi Hamiltonian of t = 2/g
and t = 2000/g respectively for a coupling strength of
g/ω = 1. It can be noted that even after a long interac-
tion time, the excitations remain bounded and close to
the initial values, which is a consequence of a moderate
choice of interaction strength, where the rotating wave
approximation is no longer valid, but the diffusion is still
contained. Analogue portraits are shown in Fig. 3 (c)
and (d) for a coupling strength ten times larger and for
interaction times of t = 0.1/g and t = 0.3/g respectively.
In this case, the interaction is stronger and therefore one
gets faster diffusion in excitations. In both cases, it is
interesting to realize that the behavior of the diffusion
resembles the braid-like patterns obtained in our tight
binding model shown in Fig. 1 (b).
C. The Buck-Sukumar model
The Buck-Sukumar model [41] was motivated in the
context of quantum optics as a simple atom-field inter-
action system with linear energies and therefore perfect
revivals of Rabi oscillations. The Hamiltonian at atomic
resonance δ = 0 is given by
H = ω(a†a+ σ+σ−) + g
(
σ−A† + σ−A
)
, (59)
with the ladder operator given by A = a
√
a†a. The eigen-
values are once again linear in n and can be written as
εn=0 = 0 and
εn = ω|n|+ gn, n 6= 0, (60)
with the eigenstates given by |0〉 = |0,−〉 and
|n〉 = cosϕn||n| − 1,+〉+ sinϕn||n|,−〉, n 6= 0. (61)
Here one has to use the abbreviation
ϕn = arctan
(
εn − |n|ω
g|n|
)
. (62)
In terms of our propagator, this can be discussed since
the sum can be performed in closed form. From Eq.
(60) one can infer that the sums will have two different
fundamental frequencies 2ω± 2g which amounts to a su-
perposition of delta functions and geometric sums. This
implies quasiperiodicity in terms of the two aforemen-
tioned fundamental frequencies. This will be valid for
the evolution of any initial condition.
D. Far off resonant JC model
A simplified version of the Jaynes-Cummings model
can be obtained in the far off resonant limit, i.e., δ  g.
If this is the case, one can derive an effective Hamiltonian
[39, 40] of the form
H = ωa†a+ ω′σ+σ− − g
2
δ
σza
†a. (63)
with ω′ = ω + δ − g2/δ. A major advantage here is that
the eigenvalues of H are linear in n and take the form
εn=0 = 0 and
εn = ω|n|+ 1− sgn(n)
2
ω′ +
g2
δ
n, n 6= 0. (64)
The eigenvectors are simply given by
|n〉 = |−n,+〉, n < 0; |n〉 = |n,−〉, n > 0, (65)
where we have expressed them in terms of the bare states
defined in (48).
In terms of the Kernel for this example, one can for-
mulate a similar discussion as in the previous subsection.
Here one also obtains a finite number of delta functions
and geometric series. The fundamental frequencies are
g2/δ ± ω and ω′.
VII. CONCLUSIONS
We have shown that discrete Wigner functions play an
important role in visualizing the dynamics, not only in
cavity-QED systems, but also tight binding models such
as crystals with evanescent transport and spin chains.
For the latter case, we have found a dynamical equation
for the Wigner function in the semi-discrete phase space,
whose continuum limit corresponds to the wave equation.
We have mapped the eigenstates of the Jaynes-
Cummings model into this lattice and studied the Wigner
function of relevant states of the field, including its dy-
namical evolution. Furthermore, we have considered the
diffusion process in this phase space under the influence
of counter-rotating terms of the atom-field interaction.
Although the Rabi model is integrable [3], it displays
rich enough dynamics so as to violate the conservation of
excitation number which has been essential in explaining,
at the textbook-level, the emission and absorption pro-
cesses. It should be noted that such a conservation law
has been utterly important in the derivation of Marko-
vian master equations describing these phenomena in the
context of open quantum systems [42]. However, under
certain conditions, a Markovian description might be also
too restrictive, therefore it is indispensable to provide ap-
propriate tools in the study of more realistic situations.
Moreover we have described the details of the dynam-
ics by a careful computation of quasi-distributions in the
phase space of combined excitations. The dynamical be-
havior of such excitations provides a better intuition on
the diffusive process of atom-field systems. As to Feyn-
man’s original question, we are sure that in this work we
have provided a suitable framework to extend the discus-
sion beyond the usual conservation law.
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Appendix A: Computational details of marginals
and Fourier transforms
The marginals of W obtained by integrating over k are
trivial. On the other hand, the sums over m require the
following treatment∑
m,n
ψm+nψ
∗
m−ne
−2ikn =
∑
m,n
ψ2m−nψ∗ne
2ik(n−m). (A1)
Performing the sum over m first with a change of index
yields
∑
m
ψ2m−ne−2ikm =
{∑
µ odd ψµe
−ik(µ+n), n odd∑
µ even ψµe
−ik(µ+n), n even
(A2)
and with this we obtain two contributions in (A1) for n
odd and n even:∑
µ odd
ψµe
−ikµ ∑
n odd
ψ∗ne
ikn +
∑
µ even
ψµe
−ikµ ∑
n even
ψ∗ne
ikn.
(A3)
These sums can be evaluated in terms of the discrete
(full) Fourier transform
ψ˜k =
∞∑
µ=−∞
ψµe
−ikµ, (A4)
by means of the summation formula
∑∞
n=−∞ e
−ink =
2pi
∑∞
r=−∞ δ(k+2pir); we have three terms r = −1, 0,+1
contributing in the second line of the following expression
∑
µ odd
ψµe
−ikµ =
1
2pi
∫ 2pi
0
dqψ˜q
∞∑
ν=−∞
e−i(k−q)(2ν+1) (A5)
=
1
2
(
−ψ˜k−pi + ψ˜k − ψ˜k+pi
)
=
1
2
ψ˜k − ψ˜k+pi.
Similarly, the even sum gives∑
µ even
ψµe
−ikµ =
1
2
ψ˜k + ψ˜k+pi. (A6)
Finally, we get the marginal in the form
∞∑
m=−∞
W sp(m, k) =
Asp + Csp +
(
Bspeik + c.c.
)
4pi
|ψ˜k|2
+
[
Asp + Csp − (Bspeik + c.c.)] |ψ˜k+pi|2/pi (A7)
With this expression we are ready to solve for the coeffi-
cients A,B,C as discussed in the text.
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